Abstract: This paper is concerned with the existence of solutions of quantum stochastic differential inclusions (QSDI) whose coefficients are upper semicontinuous. Our results are achieved within the framework of the HudsonParthasarathy formulation of quantum stochastic calculus.
Introduction
The problem of existence of solution of quantum stochastic differential inclusions in which the coefficients involved are upper semicontinuous multivalued stochastic processes is the aim of this paper. In [7] the existence of solutions of quantum stochastic differential inclusions with Lipschitzian coefficients lying in certain locally convex spaces was established. The problem of quantum stochastic control with discontinuous coefficients can be reformulated as quantum stochastic differential inclusions. The quantum stochastic differential inclusions formed in this case may have discontinuous coefficients which may be upper semicontinuous. As described in [1] , in some cases, the upper semicontinuous multivalued maps so formed may be convex and compact. But this work is concerned with the case of coefficients which are upper semicontinuous multivalued sesquilinear forms having minimal selections lying in some compact url: www.acadpubl.eu subsets of complex numbers. For a classical differential inclusions an existence of solutions of this form was established in [1] . We establish a non commutative generalization of this result. It is noteworthy that upper semicontinuous QSDI have found applications in quantum stochastic control [14] , in quantum dynamical systems and other areas in quantum field theory.
The rest of the paper is organized as follows: Section 2 is devoted to the preliminaries necessary for the understanding of the work. This includes a comprehensive description of the QSDI and associated upper semicontinuous multivalued maps. Section 3 deals with the main existence results. An approximate selection result was established in Subsection 3.3. The selection result facilitated the establishment of the main results in Section 3.4.
Preliminaries
In this section we assemble together the definitions and notations which shall be employed in what follows. Adopting the notation and formulations in [7] , we define upper semicontinuous maps and the associated multivalued sesquilinear forms.
Notations
In what follows, if U is a topological space, we denote by clos(U ), the collection of all non-empty closed subsets of U.
To each pair (D, H) consisting of a pre-Hilbert space D and its completion H, we associate the set L + w (D, H) of all linear maps x from D into H, with the property that the domain of the operator adjoint contains D. The members of L + w (D, H) are densely-defined linear operators on H which do not necessarily leave D invariant and L + w (D, H) is a linear space when equipped with the usual notions of addition and scalar multiplication.
To H corresponds a Hilbert space Γ(H) called the boson Fock space determined by H. A natural dense subset of Γ(H) consists of linear space generated by the set of exponential vectors (Guichardet, [12] ) in Γ(H) of the form
where 0 f = 1 and n f is the n-fold tensor product of f with itself for
In what follows, D is some pre-Hilbert space whose completion is R and γ is a fixed Hilbert.
is the space of square integrable γ-valued maps on R + (resp.[0, t), resp.[t, ∞)).
The inner product of the Hilbert space R ⊗ Γ(L 2 γ (R + )) will be denoted by ., . and . the norm induced by ., . . Let E, E t and E t , t > 0 be linear spaces generated by the exponential vectors in Fock spaces Γ(
where ⊗ denotes algebraic tensor product and I t (resp.I t ) denotes the identity
then the family of seminorms { . ηξ : η, ξ ∈ D⊗E} generates a topology τ w , weak topology.
The completion of the locally convex spaces (A, τ w ) , (A t , τ w ) and (A t , τ w ) are respectively denoted by A , A t and A t .
We define the Hausdorff topology on clos( A) as follows: For x ∈ A, M, N ∈ clos( A) and η, ξ ∈ D⊗E, define
The Hausdorff topology which shall be employed in what follows, denoted by, τ H , is generated by the family of pseudometrics {ρ ηξ (.) : η, ξ ∈ D⊗E} Moreover, if M ∈ clos( A), then M ηξ is defined by for arbitrary η, ξ ∈ D⊗E. For A, B ∈ clos(C) and x ∈ C, a complex number, define
and ρ(A, B) ≡ max(δ(A, B), δ(B, A)).
Then ρ is a metric on clos(C) and induces a metric topology on the space. Let I ⊆ R + . A stochastic process indexed by I is an A-valued measurable map on I.
A stochastic process X is called adapted if X(t) ∈ A t for each t ∈ I. We write Ad( A) for the set of all adapted stochastic processes indexed by I. Definition 2.1. A member X of Ad( A) is called (i) weakly absolutely continuous if the map t → η, X(t)ξ , t ∈ I is absolutely continuous for arbitrary η, ξ ∈ D⊗E
(ii) locally absolutely p-integrable if X(.) p ηξ is Lebesgue -measurable and integrable on [0, t) ⊆ I for each t ∈ I and arbitrary η, ξ ∈ D⊗E.
We denote by Ad( A) wac (resp.L p loc ( A)) the set of all weakly, absolutely continuous(resp. locally absolutely p-integrable) members of Ad( A).
Stochastic integrators:
be the linear space of all measurable, locally bounded functions from R + to γ [resp. to B(γ), the Banach space of bounded endomorphisms
, they give rise to the operator-valued maps A f , A + f and Λ π defined by: For processes p, q, u, v ∈ L 2 loc ( A), the quantum stochastic integral: (b) If Φ is a multivalued stochastic process indexed by I ⊆ R + , then a selection of Φ is a stochastic process X : I → A with the property that X(t) ∈ Φ(t) for almost all t ∈ I.
(c) A multivalued stochastic process Φ will be called
For p ∈ (0, ∞) and I ⊆ R + , the set of all locally absolutely p-integrable multivalued stochastic processes will be denoted by L 
, and M is any of the stochastic processes A f , A + g , Λ π and s → sI, s ∈ R + . We introduce the stochastic integral{resp. differential} expressions as follows:
This leads to the following definition:
loc (I × A) and (t 0 , x 0 ) be a fixed point of I × A. Then a relation of the form
is called Quantum stochastic differential inclusions(QSDI) with coefficients E, F, G, H and initial data (t 0 , x 0 ). Equation(2.1) is understood in the integral form:
called a stochastic integral inclusion with coefficients E, F, G, H and initial data (t 0 , x 0 ) An equivalent form of (2.1) has been established in [7] , Theorem 6.2 as follows:
, define the following complex-valued functions:
To these functions we associate the maps µE, νF, σG, P from I × A into the set of sesquilinear forms on D⊗E defined by
for arbitrary η, ξ ∈ D⊗E, almost all t ∈ I. Hence the existence of solution of (2.1) implies the existence of solution of (2.3) and vice-versa. As explained in [7] , for the sesquilinear form valued map P :
for some complex-valued multifunction P defined on I × C for t ∈ I, x ∈ A, η, ξ ∈ D⊗E.
The notion of solution of (2.1) or equivalently (2.3) is defined as follows:
Definition 2.4. By a solution of (2.1) or equivalently (2.3), we mean a stochastic process
for arbitrary η, ξ ∈ D⊗E, almost all t ∈ I.
Upper Semicontinuous Multivalued Maps
Let N ⊆ A and I ⊆ R + . For arbitrary η, ξ ∈ D⊗E, (t, x), (t 0 , x 0 ) ∈ I × N and ǫ, δ ηξ > 0 we define d ηξ as:
The following sets shall be defined as applicable in the sequel:
Furthermore, for a sesquilinear form valued map; Φ :
In what follows we shall present the definition of upper semicontinuous multivalued maps:
Definition 2.5. A map Φ : I × N → clos( A) will be said to be upper semicontinuous at a point (t 0 , x 0 ) ∈ I × N if for every η, ξ ∈ D⊗E, ǫ > 0, there exists
The map Φ will be said to be upper semicontinuous on I × N , if it upper semicontinuous at every point (t, x) ∈ I × N ; For a sesquilinear form valued multifunction P Definition 2.6. A map P : I × N → 2 sesq(D⊗E) 2 will be said to be upper semicontinuous at a point (t 0 , x 0 ) ∈ I × N if for every η, ξ ∈ D⊗E, ǫ > 0, there exists δ ηξ = δ ηξ ((t 0 , x 0 ), ǫ) > 0 such that
on B δ ηξ (t 0 , x 0 ). P is said to be upper semicontinuous on I × N , if it is upper semicontinuous at every point (t, x) ∈ I × N .
The following proposition shows that if the maps µE, νF, σG and H defined in (2.2) are upper semicontinuous on I × N then the map P given by:
is upper semicontinuous on I × N . If for every η, ξ ∈ D⊗E, the maps, Φ(., .)(η, ξ) are upper semicontinuous on I × N , then P is upper semicontinuous on I × N .
Proof. Given that µE(., .)(η, ξ), νF (., .)(η, ξ), σG(., .)(η, ξ), H(., .)(η, ξ) are upper semicontinuous on I × N implies that they are upper semicontinuous at every point (t ′ , x ′ ) ∈ I × N ; that is for every η, ξ ∈ D⊗E, ǫ > 0, there exists δ Φ ηξ = δ Φ ηξ ((t ′ , x ′ ), ǫ) > 0, Φ ∈ {µE, νF, σG, H} such that the following relations hold;
But for each Φ ∈ {µE, νF, σG, H}, B Φ,ǫ (0) ⊂ B P,ǫ (0). Therefore for each Φ ∈ {µE, νF, σG, H},
that is,
then P is upper semicontinuous at (t ′ , x ′ ). Since (t ′ , x ′ ) was arbitrarily chosen in I × N , we conclude that P(., .)(η, ξ) is upper semicontinuous on I × N .
Main Results
In this section we establish an approximate selection theorem for upper semicontinuous multivalued maps as it applies to our non commutative setting. We then establish the existence of solutions of quantum stochastic differential inclusions with upper semicontinuous coefficients having minimal selections contained in some compact subsets of C.
For an arbitrary η, ξ ∈ D⊗E, we define
The following Lemma is an adaptation of Mean value theorem ([1], Theorem 0.5.3)
loc by a sequence of simple functions v ηξ,n (.) = i y n,i χ E i (.)(η, ξ). Where χ E i (η, ξ) denotes the characteristic function of a measurable set E i (η, ξ) ∈ K ηξ and y n,i ∈ C.
Fix t 1 and t 0 in [a, b]. Then Let K ηξ be a closed convex subset of A(η, ξ). We associate to any x ∈ C a unique element π K ηξ (x) ∈ K ηξ satisfying
It is characterized by the following variational inequality
The map π K ηξ : C → K ηξ is called the projector (of best approximation) onto K ηξ . If K ηξ is a convex subset, we set
which is the element of K ηξ with minimal modulus in C. For an arbitrary pair η, ξ ∈ D⊗E;
(i) ϕ is said to be locally compact if for each point x ∈ M there exists a neighbourhood N (x) such that ϕ(N (x))(η, ξ) is a compact subset of C.
(ii) ϕ is said to be locally equicompact if for any x ∈ M , there exists a compact subset K ηξ ⊂ C, a neighbourhood N (x) of x and ǫ 0 > 0, such that for every ǫ < ǫ 0 , ϕ ǫ (N (x))(η, ξ) ⊂ K ηξ . 
Locally Lipschitzian Partition of Unity
Let {Ω i } i∈I and {ω j } j∈J be two coverings of M . {Ω i } i∈I is a ref inement of {ω j } j∈J if for every i ∈ I, there exists j ∈ J such that Ω i ⊂ ω j . Let {Ω i } i∈I be a covering, if J ⊂ I and {Ω j } j∈J is again a covering, it is called a subcovering.
(c) A covering {Ω i } i∈I of M is called locally finite if for every x ∈ M , there exists a neighbourhood V of x such that Ω i ∩ V = ∅ only for a finite number of indexes.
(d) Let ϕ : M → sesq.(D⊗E) 2 , the closure of {x ∈ M : ϕ(x)(η, ξ) = 0} is called the support of ϕ, (supp(ϕ)).
A family {ϕ i } i∈I is called a locally Lipschitzian partition of unity if for all i ∈ I; (i) ϕ i is locally Lipschitzian and non negative (ii) the supports of ϕ i are closed locally finite covering of M ; (iii) for each x ∈ M , i∈I ϕ i (x) = 1. We say that a partition of unity {ϕ i } i∈I is subordinated to a covering
In what follows we shall establish the existence of locally Lipschitzian partition of unity.
Proposition 3.1. Let M ⊂ A be a non-empty compact subset of A. To any locally finite open covering {Ω i } i∈I of M , there exists a locally Lipschitzian partition of unity subordinate to {Ω i } i∈I
Proof.
There exists an open covering (ω i ) i∈I of M such that ω i ⊂ Ω i for any i ∈ I, since M is compact. Also, since (Ω i ) i∈I is locally finite, {ω i } i∈I is also locally finite.
For any i ∈ I, we define
where d ηξ (., M \ ω i ) denotes the distance function to the subset M \ ω i = ω c i . Each ϕ i is Lipschitzian and supp(ϕ i ) = {x ∈ M : ϕ i (x) = 0} = ω i ⊂ Ω i For any i ∈ I, we define the function ψ i : M → R + such that
for any x ∈ M For any x ∈ M , j∈I ϕ j (x) is well defined since the covering (ω i ) i∈I is locally finite. Also, j∈I ϕ j (x) > 0, since for at least one index
Furthermore each ψ i is continuous on M and takes its values in the interval [0, 1].
Moreover, suppψ i = suppϕ i = ω i ⊂ Ω i and i∈I ψ i (x) = 1 for any x ∈ M
We now prove that each function ψ i is locally Lipschitzian on M .
Let x ∈ M be given, then there exists a neighbourhood V (x) of x which meets only a finite number of ω i , i ∈ I, say
by continuity, there exists a neighbourhood W (x) ⊂ V (x) of x and m > 0, M > 0 such that:
Then for any y, z ∈ W (x) we get:
Since each ϕ i for i ∈ {i 1 , ..., i p } is bounded above by M on W (x) and Lipschitzian with constant equal to 1. Hence ψ i k with i k ∈ {i 1 , ..., i p } is Lipschitzian on W (x) with the Lipschitz constant 2M p m 2 .
An Approximate Selection Theorem
Let M ⊂ A, and Φ : M → 2 sesq(D⊗E) 2 , ǫ > 0, we define the ball B Φ ǫ , a subset of the graph of Φ, as:
The following lemma is a noncommutative analogue of approximate selection theorem in Aubin and Cellina [1] . 
is upper semicontinuous and convex-valued. Then, for every ǫ > 0, there exists a map
If the minimal selection is locally compact, the family {ϕ ǫ } is locally equicompact.
Proof. (a) Fix ǫ > 0. For every x ∈ M , there exists δ(x) such that for any x * ∈ B ηξ,δ(x) (x), we have Φ(x * ) ⊂ Φ(x) + B ηξ,
. We can take δ(x) < ǫ 2 . The family {B ηξ,
Let {U i } i∈I be a locally finite refinement and {a i (.)} a locally Lipschitzian partition of unity subordinate to it. Choose for each i an x i and define ϕ ǫ (.)(η, ξ) to be
is well defined and locally Lipschitzian and its range is in the convex hull of the range of Φ. Fix x ∈ M . Then a i (x) is strictly positive only for a finite subset I x ∈ I. For i ∈ I x , set x i to be such that U i ⊂ B ηξ,
(x i ). Set δ i = δ(x i ) and let j ∈ I x be such that δ j = max i∈Ix δ i . Then
Since the latter set is convex, we deduce that
Let us prove that the family {ϕ ǫ } is equicompact. Fix x ∈ M . There exist ω > 0 and a compact convex subset K ηξ such that for any x * ∈ B ηξ,ω (x) we have m(Φ(x * )(η, ξ)) ∈ K ηξ . Set ǫ 0 = ω 4 and N (x) to be B ηξ, ω 2 (x). For any ǫ < ǫ 0 , the above construction shows that we can associate with any x * ∈ N (x) a point x ∈ B ηξ,ǫ (x * ) and ϕ ǫ (x * )(η, ξ), which is a convex combination of images through m(ϕ(.)(η, ξ)) of points in B ηξ,ǫ (x) ⊂ B ηξ,ω (x). These images are in K ηξ and so is their convex combination.
Existence Results
Lemma 3.3. : Suppose that the multivalued sesquilinear form: P : I × A → 2 sesq(D⊗E) 2 is upper semicontinuous with compact and convex values in C. A stochastic process ϕ ∈ Ad( A) wac ∩ L 2 loc ( A) is a solution to the inclusion
if and only if for every pair (t 1 , t 2 ) ∈ I , η, ξ ∈ D⊗E;
Proof. Suppose that for every pair (t 1 , t 2 ) ∈ I , η, ξ ∈ D⊗E η, ϕ(t 2 )ξ ∈ η, ϕ(t 1 )ξ +
Since P is compact-valued, there exists a compact set K ηξ ⊂ C such that P(t, X)(η, ξ) ⊂ K ηξ , then from Lemma 8,
We remark that
From (3.2), (3.3) and (3.4), we have
where
Which implies that ϕ is Lipschitzian, hence it is differentiable almost everywhere on I. Let t be a point where d dt η, ϕ(t)ξ exists. Fix ǫ > 0, and let δ > 0 be such that | t − t |≤ δ implies P(t, ϕ(t))(η, ξ) ⊂ P(t, ϕ(t))(η, ξ) + B P,ǫ Then d dt η, ϕ(t 1 )ξ − d dt η, ϕ(t)ξ ∈ Theorem 3.1. : Given a quantum stochastic differential inclusion (3.1) such that P : I × A → 2 sesq(D⊗E) 2 satisfies the following properties :
(i) P is a non-empty upper semicontinuous closed and convex valued map (ii) There exists a compact set K ηξ ⊂ C such that the map (t, X) → m(P(t, x)(η, ξ)) remains in K ηξ Then for any x 0 ∈ A there exists an adapted weakly absolutely continuous function defined on I, a solution of (3.1)
Proof. For an arbitrary η, ξ ∈ D⊗E, let {f n,ηξ } be a sequence of continuous single-valued maps approaching P in the sense of the approximate selection, where f n,ηξ (t, x(t)) ≡ f n (t, x(t))(η, ξ). Let T be arbitrarily chosen such that for x n ∈ Ad( A) wac , x n : [0, T ] → A, are solutions of d dt η, x n (t)ξ = f n (t, x n (t))(η, ξ), x n (0) = x 0 Each | d dt η, x n (t)ξ | is bounded by | K ηξ | and each x n takes values in the compact set x n +T K ηξ . There exists a subsequence x n k such that x n k converges uniformly to x(.) on I and d dt η, x n k (.)ξ converges to d dt η, x(.)ξ . Fix t 1 and t 2 in I, and set f k (s)(η, ξ) = f n k (s, x n k (s))(η, ξ), Φ(s)(η, ξ) = P(s, x(s))(η, ξ).
d( η, (x(t 2 ) − x(t 1 ))ξ , Since x n k (s) → x(s) and Φ is upper semicontinuous, d ηξ (((s, x) , f n k (s)(η, ξ)), graphΦ) → 0; it follows that d(f k (s)(η, ξ), Φ(s)(η, ξ)) converges pointwise to zero.
Then for each k there exists ϕ k a measurable selection from Φ, such that | f k (s)(η, ξ) − ϕ k (s)(η, ξ) |= δ(f k (s)(η, ξ), Φ(s)(η, ξ)) a.e. Hence inf | f k (.)(η, ξ) − ϕ(.)(η, ξ) |: ϕ(.)(η, ξ) ∈ Φ(.)(η, ξ) ≤ | f k (.)(η, ξ) − ϕ(.)(η, ξ) | = δ(f k (.)(η, ξ), Φ(.)(η, ξ)).
By Dominated convergence theorem, the integral converges to zero. We have d( η, (x(t 2 ) − x(t 1 ))ξ , Since T is arbitrarily chosen, from Lemma 13, we conclude that x(.) is an adapted weakly absolutely continuous solution of (3.1).
